This study puts forward an analytical framework for the analysis of creep stresses and creep rates in the isotropic rotating non-FGM/FGM disc with uniform and varying thickness. The material parameters of creep vary along the radial distance in the disc due to varying composition, and this variation has been estimated by regression fit of the available experimental data. The creep behavior of the disc under stresses developing due to rotation has been determined following Sherby's law. The creep response of rotating disc is expressed by threshold stress with value of stress exponent as 8. The results obtained for isotropic non-FGM/FGM constant thickness disc have been compared to those estimated for isotropic varying thickness disc with the same average particle content distributed uniformly. Overall, our results suggest that the distribution of stresses and strain rates becomes relatively more uniform in the isotropic FGM hyperbolic thickness disc.
Introduction
Functionally graded materials (FGMs) have been proved to be attractive materials for a broad range of engineering applications, tissue engineering, or regenerative medicine. The body of every living being contains bones and teeth as natural functionally graded materials. In the same way, artificial tissues in orthopedic applications are made of functionally graded materials. Loading conditions of a particular tissue decide the tailoring methodology of that tissue. The strengthening of an artificial tissue is done accordingly to replace a natural tissue in living beings. The biocompatibility of these tissues depends on their mechanical properties. In this paper, mechanical properties of FGM in a disc have been investigated.
On the other side, in engineering applications (automobiles, aircraft, sports, aero-engines, rotors, turbines, pumps, compressors, flywheels, braking systems of automotive), the disc is subjected to severe mechanical loads and is also exposed to elevated temperatures. Under these high-temperature applications, the conventional materials (metals/ceramics) may not survive alone. Thus, a concept of functionally graded material was introduced and led to the development of superior heat-resistant materials. The objective of developing the FGM concept is that the properties of the materials will be improved and new functions for them established. Wahl et al. [23] were the first to investigate theoretically steady-state creep behavior by a power function in a rotating turbine disc made of chromium steel using von Mises and Tresca yield criteria theoretically describing creep behavior and compared the results with experimental values. Ma [10] derived some formulas based on the maximum shear theory associated with the von Mises flow rule for calculating creep deformations and stress distributions in rotating disc of variable thickness at uniform temperature by using the power function for creep behavior. The results obtained using von Mises criterion are found to be in excellent agreement with the available experimental creep data [23] . Ma [11, 12] investigated the stress analysis of rotating solid discs having variable thickness and operating under a temperature gradient in the radial direction of the disc. The analysis was based on the theory of Tresca's criterion. Bhatnagar et al. [3] have studied creep behavior of orthotropic rotating discs having variable thickness (constant, linear, and hyperbolic) using Norton's power law and concluded that by selecting a certain type of material anisotropy and an optimum profile for the disc, the creep rate in the rotating disc can be reduced. Mishra and Pandey [13] proposed that steady-state creep in aluminum-based composites could be described in a better way by Sherby's constitutive creep model, as compared to Norton's creep model. Pandey et al. [14] have studied the steady-state creep behavior of Al-SiCp composites under uniaxial loading condition in the temperature range between 623 and 723 K for different combinations of particle size and volume fraction of reinforcement and found that the composite with finer particle size has better creep resistance than that containing coarser ones. Penny and Mariott [15] investigated the creep behavior of a thin rotating disc by proposing a method for multiaxial creep calculation of a rotating disc using the fundamental solution for creep of a uniform disc and extended it to non-uniform discs/ cylinders under different loading conditions. Reddy et al. [18] studied functionally graded solid and annular circular discs with a mixture of ceramic and metals and concluded that the ceramic constituent of the material provides high-temperature resistance due to its low thermal conductivity. Singh and co-workers [4, 7, 8, 16, 17, 21] have extensively studied creep in isotropic/ anisotropic rotating discs during last two decades. Authors have determined creep in isotropic, anisotropic, FGM discs of constant thickness. Jahed et al. [9] concluded that the use of variable thickness disc helps in minimizing the weight of disc in aerospace applications, and minimizing the weight of such items in aerospace applications gives advantages such as low dead weights and lower costs. Zenkour [24] developed an analytical solution for elastic deformation of the rotating functionally graded disc and investigated the effect of material properties on the distributions of the displacement and stresses along the radial direction of the disc. Sharma and Sahni [19] derived elastic-plastic and transitional stresses in a variable thickness disc having inclusion by using transition theory and observed that the rotating disc made of incompressible material with inclusion requires higher angular speed to yield at the internal surface as compared to disc made of compressible material. It is concluded that the disc made of isotropic compressible material is on the safer side of design as compared to disc made of isotropic incompressible material as it requires higher percentage increase in angular speed to become fully plastic from its initial yielding. Bayat et al. [1] carried out thermo-elastic analysis for axisymmetric rotating discs made of functionally graded material (FGM) with variable thickness by using small and large deflection theory and noticed that mechanical responses in rotating disc made of functionally graded material can be smaller than observed in a homogeneous disc for particular values of grading index of material properties. Bektas and Acka [2] investigated the stress analysis of functionally graded discs subjected to internal pressure and various temperature distributions. They obtained closed form solutions for stresses and displacements by using the infinitesimal deformation theory of elasticity. The results obtained both analytical and numerical are found very well consistent with each other. Deepak et al. [5] investigated the effect of varying disc thickness gradient on creep response of functionally graded rotating discs with linearly varying thickness. It can be concluded that the stresses and strain rates in both the radial and tangential directions reduce significantly with the increase in thickness gradient of the composite disc. Garg et al. [6] carried out the steady-state creep analysis in linearly varying thickness rotating disc made of functionally graded composite and with stress exponent 5. The study reveals that the magnitude of strain rates and extent of distortion in the disc could be reduced significantly by employing FGM linearly varying thickness disc with higher reinforcement.
Keeping this in mind, it may be interesting to extend the above analysis for rotating isotropic non-FGM/FGM disc with variable thickness. Emphasis has been done on development of analytical models capable of performing plastic stress and strain analyses for rotating isotropic non-FGM/FGM discs. The content of silicon carbide particles in the discs is assumed to decrease linearly from the inner radius to the outer radius of the disc. The creep response in composite disc rotating at 15,000 rpm has been analyzed by Sherby's constitutive model and von Mises criteria for yielding.
Assumptions in Variable Thickness Disc and Disc Profile
We consider an aluminum silicon carbide particulate composite disc of constant thickness h having inner radius a, outer radius b, and rotating with angular velocity, ω (radian/s). For the purpose of creep analysis in disc with variable thickness, the following assumptions are made:
1. Material of disc is incompressible and locally isotropic, i.e., the properties of the disc remain constant at a given radius in all the directions but can change with the change in radius.
2. Stresses at radius of the disc remain constant with time, i.e., steady-state condition of stress is assumed. 3. Elastic deformations are small for the disc, and therefore, they can be neglected as compared to creep deformation. 4. Axial stress in the disc may be assumed to be zero as thickness of disc is assumed to be very small compared to its diameter. 5. Frictional shear stress induced due to braking action is estimated to be 10 −5 MPa, which is very small compared to creep stresses and therefore can be neglected. 6. The composite shows a steady-state creep behavior, which may be described by following Sherby's law [20] :
is the creep parameter,where ε : ;
σ; n ; σ 0 r ð Þ; A; D λ ; λ ; b r ; and E are the effective strain rate, effective stress, the stress exponent, threshold stress, a constant, lattice diffusivity, the sub grain size, the magnitude of burgers vector, and Young's modulus.
In particle-reinforced composite, the material parameters M(r) and σ 0 (r) depend on the particle size and the percentage of dispersed particles apart from the temperature, which have been obtained by using the experimental results of Pandey et al. [14] ( Table 1 ). The following regression equations have been extracted from the available experimental results by using DATAFIT software. In a FGM disc, both the creep parameters M(r) and σ 0 (r) will vary due to variation with particle content, and both are functions of radial distance, which could be determined by substituting the values of particle and temperature, respectively.
Let I and I 0 denote the moment of inertia of the disc at inner radius a and outer radius r and b, respectively. A and A 0 denote the area of cross section of disc at inner radius a and outer radius r and b, respectively. Then,
ð2:3Þ
where the average tangential stress may be defined as
ð2:4Þ
Discs with Linearly Varying Thickness
The thickness (h) of the composite disc having linearly varying thickness is assumed to be of the form
where c ¼
Þ is the slope of a disc, and h a and h b are the disc thickness at the inner and outer radii, respectively ( Fig. 1) .
Since the volume of disc having linearly varying thickness is assumed equal to the volume of constant thickness disc, therefore,
2Þ Table 1 Creep parameters based on the experimental results [14] Particle size Temperature Particle content M σ 0 
For the disc of isotropic material, by substituting a = 31.75 mm, b = 152.4 mm, t = 1 mm, and h b = 1.78 mm in Eq. (2.1.3), we get the disc thickness at the inner radii h a = 0.55 mm.
Using expression (2.1.3), Eq. (2.3) becomes
Discs with Hyperbolic Varying Thickness
The thickness (h) of the composite disc having hyperbolically varying thickness is assumed to be of the form Since the volume of disc having hyperbolically varying thickness is assumed equal to the volume of constant thickness disc, therefore, 
Distribution of Dispersoids and Creep Constants
The distribution of silicon carbide particles in functionally graded material disc with variation in thickness, h(r), is assumed to decrease linearly from inner to outer radius. Therefore, the density ρ and the creep parameters of the disc will vary with radial distance. The composition variation in terms of volume percent of silicon carbide, along the radial distance, V(r), is given as
where
where V max and V min are the maximum and minimum particle contents, respectively, at the inner and outer radii of the disc. According to law of mixture, the density variation ρ(r) in the composite disc may be expressed as
where ρ m and ρ d are the densities of the aluminum based matrix and of the dispersed silicon carbide particles, respectively. Substituting the value of V(r) from Eq. (3.2) into Eq. (3.5),
and
ð3:8Þ
The average particle content in the FGM disc (V avg ) may be expressed as
If the FGM disc is assumed to have constant thickness, then V min may be obtained by substituting the expression of V(r) from Eq. (3.1) into Eq. (3.9),
For FGM disc with linear thickness, V min may be obtained by substituting the expressions of h(r) and V(r) from Eqs. (2.1.1) and (3.1) into Eq. (3.9),
where t denotes the thickness of uniform thickness disc. For FGM disc with hyperbolic thickness, V min may be obtained by substituting the expressions of h(r) and V(r) from Eqs. (2.2.1) and (3.1) into Eq. (3.9)
Mathematical Formulation of Creep in FGM Disc
The present analysis assumes that the material of FGM disc is isotropic and yields according to von Mises criterion [22] ,
where f(σ ij ) is the potential function, k is a constant, and J 2 is given by
The strain increment (dɛ ij ) is related to the potential function, f(σ ij ), through the associated flow rule as given below.
where dλ is a proportionality factor that depends on σ ij , dσ ij , and ɛ ij apart from strain history because of strain hardening. Substituting the yield criterion given by Eq. (4.1) into Eq. (4.3), the following constitutive equations are obtained in terms of principal strain increments dɛ 11 , dɛ 22 , and dɛ 33 and principal stresses σ 11 , σ 22 , and σ 33 .
The effective stress σ ð Þ and strain increment dε ð Þ are given by
ð4:6Þ
The effective strain increment can be evaluated by substituting the values of dɛ 11 , dɛ 22 , and dɛ 33 from Eq. (4.4) into Eq. (4.6) and using Eq. (4.
Using the value of dε from Eq. (4.6) into Eq. (4.7), one gets the strain increments
Taking reference frame along the principal directions of r, θ, and z, the generalized constitutive equations from Eq. (4.9) for creep in an isotropic composite disc under multiaxial stress condition are given as z , and σ r , σ θ , σ z are the strain rates and the stresses respectively in the FGM disc with variable thickness along r, θ, and z directions. ε : is the effective strain rate, and σ is the effective stress. For biaxial state of stress (σ r , σ θ ), the effective stress is
Using Eqs. (4.1), (4.11), and (4.10), it can be rewritten as
ð4:13Þ
From the material's incompressibility assumption, it follows that 
ð4:17Þ
ð4:18Þ 
where σ θ avg is the average tangential stress of FGM disc with linearly varying thickness.
For FGM disc with constant thickness, the average tangential stress can be obtained by substituting h b = 1 and c = 0 in Eq. (4.21), 
ð4:28Þ
where σ r is the radial stress of FGM disc with hyperbolically varying thickness.
Thus, for FGM disc with constant thickness, the tangential stress σ θ and radial stress σ r are determined by Eqs. (4.22) and (4.27), respectively. For FGM disc with linearly varying thickness, the tangential stress σ θ and radial stress σ r are determined by Eqs. (4.21) and (4.26), respectively. For FGM disc with hyperbolically varying thickness, the tangential stress σ θ and radial stress σ r are determined by Eqs. (4.23) and (4.28), respectively. Then, strain rates ε r , ε θ , and ε z are calculated from Eqs. (4.12), (4.13), and (4.14).
Numerical Computations
Following the procedure described in previous sections, the distributions of stress and strain rate are estimated through an iterative numerical scheme of computation shown in Fig. 2 . The iteration is continued till the process converges and gives the values of stresses at different points of the radius grid. For rapid convergence, 75 % of the value of σ θ obtained in the 
Results and Discussion
A computer code based on the mathematical formulation has been developed to obtain the creep response of the rotating composite variable thickness (constant, linear, and hyperbolic) discs (i) with uniform particle content (non-FGM disc) and (ii) with particle gradient (FGM disc). Results for these two discs for each profile have been compared under a constant temperature. For all the FGM discs, maximum particle content, V max , is 35 %, and V min is estimated from Eqs. (3.10), (3.11), and (3.12) according to thickness profile. After this, the content of silicon carbide particle, V(r), in the different FGM discs is calculated from Eq. Variation of tangential stress along the radial distance in the isotropic non-FGM and FGM composite discs rotating with an angular velocity 15,000 rpm at 623 K all FGM discs with thickness variation, are substituted to get the variation of the creep parameters, M(r) and σ 0 (r), in each FGM discs. To obtain the plastic stresses and strain rates, the results for a rotating steel disc by following the current analysis scheme were obtained for disc and operating conditions for which are mentioned in Table 2 . Before discussing the results of the steady-state creep response obtained in this study, it is considered necessary to validate the analysis carried out and the software developed. To achieve this goal, the results for a rotating composite disc by following the current analysis scheme were obtained for the disc with operating conditions for which are mentioned in Table 2 . Figure 3 shows the distribution of reinforcement in various composite discs. The particle content V(r) in FGM disc with thickness variation (constant, linear, and hyperbolic) decreases linearly from the inner to the outer radius, and in non-FGM disc, the particle content is uniformly 20 vol.% over the entire radius, although the variation of V(r) becomes steeper by choosing the FGM disc with hyperbolic thickness. Figures 4 and 5 show the variation of material parameters M(r) and σ 0 (r), respectively, along radial distance for the different (FGM and non-FGM) composite discs. Both the material parameters, M(r) and σ 0 (r), were observed to be constant over the entire non-FGM disc due to uniform distribution of particle content of silicon carbide (20 vol .%) in aluminum matrix. But in FGM disc, the creep parameter M(r) increases with increasing radial distance due to a decrease in particle content V(r) on moving from the inner to the outer radius, as evident from Eq. (3.2). At the inner disc in FGM disc with thickness variation (constant, linear, and hyperbolic), the value of creep parameter M(r) is the same (i.e., 4.35 × 10 Fig. 8 Variation of tangential strain rate along the radial distance in the isotropic non-FGM and FGM composite discs rotating with an angular velocity 15,000 rpm at 623 K more amount of particle content of silicon carbide shown in Fig. 5 , but near the outer radius by choosing FGM disc with hyperbolic thickness, the threshold stress is minimum (i.e., 11.18 MPa) than those of FGM disc with constant and linear thickness profile. Figures 6, 7, 8 , and 9 show the steady-state creep behavior of the non-FGM and FGM discs with constant and varying thickness. The material of all the composite discs (non-FGM disc and FGM) is isotropic. It is observed that the tangential stress in all the composite discs increases with increasing radial distance, reaches maximum, and then decreases on moving towards the outer radius of the discs as shown in Fig. 6 . The FGM discs with thickness variation (constant, linear, and hyperbolic), which having linearly decreasing particle content from the inner to outer radius, have a relatively higher tangential stress near the inner radius but lower values of tangential stress near the outer radius than that observed in non-FGM discs with thickness variation (constant, linear, and hyperbolic). The primary reason for these changes in the tangential stress distribution is the variation of density in the FGM disc. The higher density near the inner radius due to the higher amount of particle content and relatively lower density near the outer radius due to small amount of particle content have resulted in higher and lower tangential stress, respectively, compared to tangential stress in the non-FGM disc having the average density due to uniform distribution of particles, as shown in Fig. 6 . The trend of Fig. 9 Variation of radial strain rate along the radial distance in the isotropic non-FGM and FGM composite discs rotating with an angular velocity 15,000 rpm at 623 K variation of tangential stress is similar in all cases of thickness profile variations of FGM/non-FGM disc. The tangential stress in isotropic rotating FGM/non-FGM disc having hyperbolic thickness is reduced everywhere compared to FGM/non-FGM disc of uniform and linear thickness. The radial stress increases from zero to reach a maximum value in the middle of the non-FGM and FGM disc followed by a decrease to reach at zero level again at the outer radius, under the imposed boundary conditions of vanishing radial stress at the inner and the outer radii of the disc, as shown in Fig. 7 . The radial stress is the highest over the entire disc in the FGM disc with each thickness profile, having linear distribution of particle content along the radial distance, and the lowest in the non-FGM disc with thickness variation (constant, linear, and hyperbolic) which has uniform distribution of particle content. In all the FGM/non-FGM discs with each thickness variations, the tangential strain rate is the highest at the inner disc and then decreases continuously when one moves towards the outer disc. In the FGM/non-FGM disc with hyperbolic variation of thickness, the tangential strain rate is relatively less compared to the strain rate in other two variations in the thickness of the FGM/non-FGM disc. On the other hand, the steady-state tangential strain rate developing in a rotating FGM varying thickness disc with linearly decreasing particle distribution from inner to outer radius is lower over the entire disc as compared to those in a non-FGM varying thickness disc with uniform particle distribution. In the region near the inner radius, the tangential strain rate decreases due to higher particle content whereas near the outer radius, the strain rate decreases due to lower tangential stress in spite of lower particle content, resulting due to lower density of the FGM varying thickness discs towards the outer radius. Thus, the combination of FGM disc with hyperbolic thickness yields less tangential strain rate. The compressive radial strain rate is at maximum in the inner radius and goes on decreasing up to a certain radial distance followed by an increasing trend towards the outer radius in all the composite discs. The distribution of radial strain rate becomes relatively more uniform in the FGM disc in comparison to the non-FGM disc. This uniformity in distribution is due to the varying particle content in the FGM disc. Therefore, the FGM disc with hyperbolic thickness will have less chances of distortion.
Conclusion
Based on the above results and discussion, the following main conclusions may be drawn:
1. The steady-state creep rates in the FGM varying thickness disc with linearly decreasing particle content are significantly lower than that observed in a similar profile disc with the same particle content distributed uniformly. The decrease observed in tangential strain rate in the FGM varying thickness disc with linearly decreasing particle content is more at the inner radius than that observed towards the outer radius. 2. The magnitude of tangential and radial stresses in the FGM disc with linearly decreasing particle content is reduced significantly, when the disc thickness profile changes from uniform to hyperbolic. 3. By employing isotropic rotating FGM disc with hyperbolic thickness, the distribution of strain rates becomes relatively uniform as compared to a similar FGM disc with constant and linear thickness, which may reduce the chances of distortion in the FGM disc. 4. In an isotropic rotating FGM hyperbolic disc with linearly decreasing particle content from the inner to the outer radius, the steady-state creep response is significantly superior compared to that in the same thickness profile disc with the same particle content distributed uniformly.
